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This paper is a natural continuation of [28]. Our purpose here is to 
exhibit further analogies of the theory of A-vector bundles, as presented in 
[25, 281, with the classical theory of continuous (i.e., topological) complex 
vector bundles; nevertheless, we also point out existing dissimilarities 
between the two theories, which are due here to the interference of the new 
extended “domain of coefficients,” namely, the (topological) algebra A 
which now substitutes for the complex number field @ of the classical 
theory. 
Thus, in particular, we seek analogies of the theory of A-vector bundles 
with standard differential geometric techniques. Indeed, a program for an 
abstract formulation and the study of fundamental differential geometric 
aspects has already been advocated in [38], within, however, the context 
of (commutative) Banach algebra theory (see also Section 2 below) and for 
trivial “line” A-bundles with one-point base spaces (!), to put it in the 
preselnt terminology. On the other hand, a purely topological point of view 
in dealing with differential geometric questions, even in the classical case, is 
found, for instance, in[20,21]. (This concerns, in particular, the flatness of
a bundle as is also the case below. However, see also [lo, 321.) Further- 
more,, this same spirit is also encountered in more recent publications; cf., 
for example, [6, p. 110, Definition 18, and p. 125, Section 51. Indepen- 
dently of the latter, this is further taken up in [31] as a sequel to the 
present study and an extension of that in [38] as well. 
This being so, it should also be remarked that the above is, of course, 
not the only abstract differential geometric point of view in terms of 
topological (non-normed) algebras; thus see, for example, [lo, 321. In this 
regard, it is finally worth noting that, at least, algebras of em-functions on 
smooth manifolds or, more generally, ofV”-sections of smooth (algebra) 
bundles undoubtedly provide the most compelling motivation for the con- 
sideration of more general topological algebras than the classical normed 
ones. (See also [6, p. 125, Section 5; 29, p. 129, Section 4(2)].) 
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Now to be more specific concerning the present account, we deal in the 
sequel first with the classification of A-vector bundles via cohomological 
methods; in this regard, we apply sheaf theoretic techniques according to 
the classical pattern (see Section l), thus supplementing a relevant previous 
result in [28]. Second, based on the same sheaf theory methods (see Sec- 
tion 2), we define “flat” A-vector bundles over a given topological space X 
and deduce some of their most basic features; the latter are in agreement, 
generally, with analogous ones of the classical case. As we remarked at the 
outset, this eventual conflict with the classical situation here reflects he 
presence of the topological algebra A which constitutes, so to speak, a 
natural “perturbation” ofthe classical domain of coefficients of the vector 
bundles under consideration. 
In an Appendix we supplement and amend some previous thoughts in 
[28] by also considering an application the Grothendieck ring of represen- 
tations of a given group G. Concerning this point of view, however, we 
intend to return elsewhere. 
Finally, we add a number of “supplementary remarks” (Section 5), where 
the need for a definitive formulation of these was mainly suggested from the 
reading of [44, 61. The material here refers to a possible xtension of the 
theory of A-vector bundles concerning the appropriate type of the 
topological gebra A considered. 
Throughout the sequel we presume familiarity with [25, 281, to which 
we refer for details of the notation and terminology applied in the ensuing 
discussion. 
1 
Our first aim is to complement Theorem 1.2 in [28] by (uniquely) 
associating with any A-vector bundle t over a given (Hausdorff) 
topological space X an appropriate locally free sheaf on X (see Theorem 1.1 
below). Here, as well as throughout the rest of this study, A stands for a 
suitable topological algebra [29] (always over the field @ of the complexes) 
which in our case represents, instead of @ for the classical case, the 
“domain of coefficients” of the vector bundles under consideration. 
So assume that A is a (complex) locally m-convex algebra with an 
identity element [29] and X a topological space. Thus we denote by 
Jd=GT$ (1.1) 
the (algebra) sheaf on X generated by the (locally m-convex) topological 
algebra presheaf 
UH%'~(U, A) (1.2) 
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with U ranging over the open subsets of X. The range of the map (1.2) is 
the (locally m-convex) algebra of continuous A-valued maps on U 
endowed with the compact-open topology in U (see [29, Chap XI, 
Section 1; 241). So by applying a standard argument, one easily sees that: 
the presheaf defined by (1.2) is actually a sheaf, hence one gets for the 
respective local section algebras of d the relation 
d(U)=z-(U, d)=9?c(U, A) (1.3) 
for every open set U G X. That is, the (algebra) sheaf & on X, as defined by 
( 1.1 ), is in fact a topological algebra sheaf on X in the sense of [24]. We 
call it the sheaf of germs of continuous A-valued maps on X. (It is 
straightforward from the very definitions that the preceding remain true by 
considering any topological algebra A [29]; the restriction to the type of A 
as above is mainly due to its connection with the following Lemma 1.1. 
However, see also [25, p. 483, (4.73)] as well as Section 5 in the sequel.) 
Thus, we now have 
LEMMA 1.1. Let A be a locally m-convex algebra with an identity 
element and 5 = (E, x, X) an A-vector bundle of rank n over a topological 
space X [25]. Moreover, let d be the sheaf of germs of (continuous) sections 
of E. Then, d is a locally free sheaf of &-modules of rank n over X, where d 
stands for the (topological algebra) sheaf of germs of continuous A-valued 
maps on X. 
Proof: Let @= {U} b e an open covering of X defining a local 
trivialization of E (cf. [25]). Thus, for every U E %‘, one has by definition 
Elo=z?(U)~UxM~ UxA”, (1.4) 
where M is a projective (left) A-module of rank n (ibid., p. 460, (2.2)). 
Therefore, by taking sections in (1.4) one gets 
fJE~o)=f(~+(U))=IJUxM)z~(U,M) 
gU(U, A”)rw(U, A)“. (1.5) 
We elaborate a bit more on the previous relation (1.5): Thus, one has, of 
course, 
r(U,M)-L’(U, UxM)r%‘(U,M), (1.6) 
within an A-module isomorphism. For any section of the trivial A-bundle 
U x M is, in effect, uniquely determined by its “second component” thus 
providing an element of the last A-module in (1.6). Furthermore, the same 
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A-module can be identij?ed M.ith %‘( U, A”); indeed, by hypothesis for M, one 
has the relation 
M@ Nr A”, (1.7) 
for some (left) A-module N, while we also take into account the definition 
of the “canonical topology” on M (see [25, p. 457, Lemma 1.21). Finally, 
one also obtains 
Gqu, A”)zW(U, A)“, (1.8) 
within an isomorphism of A-modules; the latter is also a homeomorphism 
with respect o the compact-open topology in U. Accordingly, one gets by 
(1.5) 
d / (,’ 2 .d” I 0 z (d 1 (,)‘I, (1.9) 
within sheaf isomorphisms, for every U E 02, and this proves the asser- 
tion. 1 
In the sequel we denote by 
@zAW (1.10) 
the set of d-isomorphism classes of locally free d-modules of rank n over 
X; i.e., locally free sheaves of d-modules of a given rank n over X, with d 
denoting the sheaf ( 1.1). 
Now our next target is to show that the correspondence defined by 
Lemma 1.1 is, in fact, a bijection module isomorphism classes; thus the set 
(1.10) is identified (within a bijection) with the set 
@;w (1.11) 
of isomorphism classes of A-vector bundles of rank n over X considered in 
[28]. Moreover, the latter set can be identified with 
wx G) (1.12) 
the first cohomology set of X with coefficients in the (topological) group 
G = GL(n, A) c M,(A) E A”’ (cf. [28, p. 249, Theorem 1.21). In an 
equivalent erminology (1.12) is characterized as the set of isomorphism 
classes of principal G (=GL(n, A))-bundles over X (cf., for instance, 
[22, p. 9, Section 3.51 or [40, p. 194, Theorem 11.16 and p. 195, 
Theorem 11.201). 
Indeed, we shall further identify any element of the set (1.12), i.e., an
equivalence class of G-cocycles (we also speak of a (G-valued) I-cocycle too) 
with a “local system” of transition functions (or still a system of “local 
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coeSficients”) in the traditional sense of the word; namely, with a 1-cocycle 
(in fact, an equivalence class of such) with coefficients in a sheaf of groups 
over X, appropriately defined via the given sheaf d as above. So the sheaf 
of groups in question will be that of germs of continuous GL(n, A)-valued 
maps on X, as we are going to explain next (see also, for instance, [17, 
pp. 38, 391): 
So assume that d is a sheaf of algebras over a topological space X in 
such a way that, for every open set U c X, the respective (local) section 
algebra 
d(U)=f(U,d) (1.13) 
is a (complex) algebra with an identity element. Furthermore, for every 
positive integer n, let us denote by 
gan, d) (1.14) 
the sheaf of groups (non-abelian, in general) over X generated by the 
presheaf 
U H GL(n, d(U)) = M,(d( U))’ (1.15) 
with U an open subset of X. Here the range of (1.15) is, by definition, the 
group of invertible elements of the full matrix algebra M,(&‘(U)), i.e., the 
algebra of all n x n matrices with entries in the algebra d(U) given by 
(1.13). 
Now by applying a standard argument, one easily sees that the presheuf 
( 1.15) is actually a sheaf (see also [ 3 11). Accordingly, one has 
QY(n, d')(U)- f(U, 9oY(n, cd))= CL@, d(U)), (1.16) 
for every open set UG X (see, e.g., [42, p. 168, Proposition 5.81). Thus, 
given the topological space X and n E N, we denote by 
fm, ~=wb 4) (1.17) 
the first cohomology set of X with coefficients in the sheaf (1.14) (of non- 
abelian, in general, groups. In this respect, see also, e.g., [15, p. 6ff or 17, 
P. 3811). 
In particular, suppose that the (algebra) sheaf &’ is given by (1.1). Thus 
by considering the matrix algebras as in (1.15), one concludes from (1.8) 
the relation 
M,W(U, A))=WU, M,(A))* (1.18) 
for any n E N and U open subset of X. The last relation is valid, of course, 
within an (algebra) isomorphism. (For a topological-algebraic analog of 
409 132.2-7 
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the same relation cf. 126, p. 302, Lemma 2.11). In particular, for any n, ZJ 
as before, one gets the relation 
GL(n, %‘( U, A)) = W( U, GL(n, A)), (1.19) 
within a (group) isomorphism. Moreover, one considers here GL(n, A) as a 
topological group, according for instance to [28, p. 247, Lemma 1.21 (see 
also (1.12) above). 
Therefore, in virtue of the relations (1.2) and (1.3), one concludes that 
the sheaf 32?(n, &‘) with ,d = %$ (see (l.l)), can he viewed as the sheaf of 
germs of continuous GL(n, A)-valued maps on X. We denote the latter sheaf 
by 
cgtiL(n,A) 
x 3 (1.20) 
so that by applying the notation of (1.1) one obtains 
W~L(n,A) = Y9(n, %?$) = KY(n, JZ!). (1.21) 
Moreover, for any open set U G X, one gets for the respective local sections 
of the latter sheaf 
YY(n, d)(U) = GL(n, d(U)) (by (1.16)) 
= GL(n, %‘( U, A)) (by hypothesis for d and (1.3)) 
= W( U, GL(n, A)) (by (1.19)). (1.22) 
We shall presently use the last relations in the proof of the following 
theorem. 
So we are now in the position to state our main result of this section, 
which improves on Theorem 1.2 in [28, p. 2491. Namely, we have. 
THEOREM 1.1. Let A he a locally m-convex algebra with an identity 
element and ,d = %?$ the sheaf of germs of continuous A-valued maps on a 
given topological space X (cf. (1.1)). Then, one has, where G = GL(n, A) (see 
(1.12)), 
@i(X) = H’(X, G) = Q>(X) = H’(X, 9Y(n, JS!)), (1.23) 
within bijections. In particular, tf the space X is a C W-complex, then each 
one qf the previous sets in (1.23) is identified still, within a bijection, with the 
set 
CX BGI; (1.24) 
i.e., the set of homotopy classes of (continuous) maps of X into the classtfying 
space BG of the (topological) group G = GL(n, A). 
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Proof As remarked before, we have already proved in [28] the coin- 
cidence (within a bijection) of the first wo sets in (1.23) (ibid., p. 249, 
Theorem 1.2). Now, a GL(n, A)-valued 1-cocycle corresponding to an open 
covering % = { Ul}ls, of X is, by definition, an element 
for all (a, /?) EIx Z, with U, n U, # 0, which also satisfies the standard 
“cocycle condition” (see, e.g., [28, p. 249, (l.lO)]). Thus, bu taking d E %‘g 
(cf. (1.1)), one gets from (1.22) 
U( U, n U,, GL(n, A)) = %Y(n, &)( U, n U,) 
= r( U, n U,, Y9(n, &)), 
so that one has, by the very definitions, 
(1.26) 
(gap) EZ’(@, =% 4). (1.27) 
Therefore, one finally obtains an element of the last set in (1.23). Now, this 
correspondence between the sets ( 1.12) and (1.17) is, in effect, a tautology 
(within, of course, a bijection; cf., e.g., (1.19), (1.22)), asfollows from the 
previous argument and the very definitions. Furthermore, the sets (1.10) 
and (1.17) are identical, within a bijection, according to a standard reason- 
ing (cf., for instance, [15, p. 11, Theorem 13). Thus, the required relation 
(1.23) is now completely established, and hence the bijective correspondence 
between the sets ( 1.10) and ( 1.11) as well, alluded to above and provided by 
Lemma 1.1. 
Now, concerning the last part of the theorem, if the space X is a CW- 
complex (see, e.g., [19, p. 95, Section 3]), then one has 
H’(X, VsL(n,W)) = [X, BGL(n, A)], (1.28) 
within a bijection fthe sets involved; the last relation is actually valid for 
any topological group G (cf., for instance, [20, p. 827, (4.1) or 40, p. 201, 
Section 11.331). Here BG denotes the classifying space of the (topological) 
group G (see, e.g., [18, p. 52ff]). So the assertion for the set (1.24) is now 
an immediate consequence of (1.28), (1.23), and (1.21), and this terminates 
the proof of the theorem. 1 
Now, by (1.23) and extension of standard terminology (cf., e.g., [15, 
p. 14]), elements of the set (1.17), i.e., those of the first cohomology set of 
X with coefficients in the sheaf ( 1.20) (see also ( 1.21)), are called continuous 
(coordinate) A-vector bundles of rank n over X. 
Furthermore, as a byproduct of the previous relation (1.23), one has the 
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next result (Corollary 1.1) which is standard, of course, in the classical 
case, viz., for A = C, but presents a particular interest for general A-vector 
bundles, as explained by the following comments. (See also Remark 2.2 in 
the sequel.) 
So the set H’(X, G) (see also (1.12)) has a distinguished element, denoted 
by 1, which is the (class of the) trivial (principal) G-bundle Xx G (cf., for 
instance, [17, p. 41, Theorem 3.2.1 I). In our case taking G E GL(n, A), as 
in Theorem 1.1, this element is in virtue of (1.23) the trivial A-vector 
bundle E E Xx A” (in fact, its class). 
Now by taking X= S”, the p-sphere, p E N, it is well known that 
H’(S”, G) = np- ,(GhdG), (1.29) 
for any topological group G (see, for instance, [22, p. 13, Remark 3.121, 
where we also refer for the notation, standard or otherwise, applied in 
(1.29)). Thus, taking G= GL(n, A) and p= 1, one has 
H’(S’, GL(n, A)) = 1. (1.30) 
That is, taking Theorem 1.1 into account, one gets the following. 
COROLLARY 1.1. Let A be a given locally m-convex algebra with an iden- 
tity element. Then, any A-vector bundle over the l-sphere S’ is trivial. i
We have thus recaptured, in an extended form, namely for any given 
algebra A as above, a classical result for (complex) vector bundles over S’. 
However, Corollary 1.1 is, without any further estriction on the algebra A 
involved, indeed a striking fact for S’ due to the formula 
K,(X) =&(Xx ‘WA)), (1.31) 
valid within an isomorphism of the respective “K-groups”; cf. [25, p. 485, 
Theorem 5.11. The latter formula reflects, a  it stands, an eventual obstruc- 
tion of the theory of A-vector bundles against he classical theory of com- 
plex vector bundles (“@-vector bundles”), depending on the topological 
algebra A, actually on its spectrum (silov!). In the same formula X is a 
(Hausdorff) compact space and A a commutative Waelbroeck algebra, i.e., 
a commutative complete locally m-convex Q-algebra with an identity 
element (ibid.), a very convenient substitute, indeed, for a commutative 
unital Banach algebra (cf. Corollary 1.2 below). A similar agreement of the 
previous two aspects of the theory of vector bundles also occurs in the 
sequel in the case of flat A-vector bundles over contractible spaces (cf. 
Remark 2.2). 
Here take the opportunity to amend an oversight in [26, p. 300, 
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Theorem 1.23, where “stably trivial,” oras we also say “s-trivial,” should be 
used instead of “trivial”; cf. also [22, p. 55, Corollary 1.18; 18, p. 104, 
Definition 3.61. Here, too, one has the coincidence of the preceding two 
theories for any commutative Waelbroeck algebra A\ with spectrum mm(A) a 
contractible space; anyhow, an immediate consequence of formula (1.31), 
which is valid for any compact topological space X (see also [25, p. 487, 
Corollary 5.23). 
Now, within the same vein of ideas as a consequence of Corollary 1.1, we 
further get the following result by considering the commutative Waelbroeck 
algebra gE(S’), i.e., the algebra of complex-valued GP-functions on S’ 
endowed with the (canonical) G?F-topology (cf., for instance, [29, p. 129, 
Section 4(2) and p. 134, Scholium 4.1 I). Moreover, its spectrum 
YJ(%?m(S’)) is homeomorphic to S’ (ibid., p.227, Theorem 2.1). Thus, we 
now have: 
COROLLARY 1.2. Let A 3 %:“(S’). Then, every finitely generated projec- 
tive A-module is free. Accordingly, the only rings (with an identity element) 
which are Morita equivalent o A, are of the form M,(A), for some n E N; so 
they are, in fact, Waelbroeck algebras too. 
Proof. By applying K-theory of Waelbroeck algebras [25], one gets 
K(‘V(S’)) = K(V(S’)) = K(S’) (1.32) 
(see also [26, p. 298, Theorem 1.1 I). Therefore, the first assertion follows 
from the classical Serre-Swan correspondence (cf., e.g., [25, p. 481, 
Theorem 4.2 for A = C]). Now the second part of the statement is 
straightforward according to its algebraic ounterpart (cf. [S, p. 115, 
Theorem 43). See also [26, p. 305, Theorem 2.2; 28, p. 248, 
Theorem 1.11. 1 
Scholium 1.1. Consider a topological algebra A as in the above 
Theorem 1.1, and let 
%‘,(A) (1.33) 
be the set of isomorphism classes of projective (left) A-modules of rank n. 
Thus, Theorem 1.1 should be compared with Theorem 6.1 in [25, p. 4881, 
where A is a sheaf representable topological algebra (or else A admits a 
sectional representation), inthe sense that 
A = r(X, d), (1.34) 
within an algebra isomorphism; here & stands for a topological algebra 
sheaf [24] over a topological space X, the latter being homeomorphic to 
the spectrum W(A) of the given topological algebra A. So it has been 
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proved [30] that every Ptcik-Silov Q-algebra with an identit?, element is 
sheaf representable. An important example of this kind of algebra is, of 
course, g;(X), viz., the algebra of complex-valued V-functions on a 
Hausdorff compact second countable (finite-dimensional) %Y” -manifold X in 
the %?W-topology (cf. the comments before the statement of Corollary 1.2). 
In that case one naturally obtains 
.d=%Y’;, (1.35) 
the second member of the last relation denoting the sheaf qf germs of 
complex-valued %TW-functions on X. 
Furthermore, one gets a situation similar to (1.34) by considering the 
Frechet (locally m-convex) algebra of holomorphic functions on a Stein 
manifold X (see [16 or 29, p. 228, Section 31). 
So Theorem 1.1 and/or [25, p. 488, Theorem 6.11 can be considered as 
an analog in our case, namely, within the general framework of abstract 
topological algebra theory, of the standard classification scheme one has in 
the case of GY-(complex) vector bundles and/or complex analytic ones. In 
this respect, the relevant situation occurring in algebraic geometry is akin 
to (1.10). See, e.g., [13, p. 207, Corollary (1.4.4); 3,p, 115, Remark (2); also 
35, p. 122, Proposition 5.61. 
2 
In this section we further pursue the analogy of the machinery developed 
in the preceding discussion with standard ifferential geometric notions, as, 
e.g., the fratness of the A-vector bundles under consideration. 
A similar study pertaining to A-connections, within the framework of 
Banach algebra theory (“Banach-&lov algebras” have been employed) was 
given in [38] (see also [ 311 for a discussion of “connections” akin to the 
previously defined set (1.17)). Thus, our main concern in the sequel will be 
to relate flat A-vector bundles (cf. Definition 2.1) on a given topological 
space X with representations of the Poincart group of X (see Theorem 2.1 
below). A recent account referring tothe relevant situation in the context 
of Banach manifolds theory has been given in [41], illuminating the 
classical case as well. 
Thus, suppose we are given a (Hausdorff) topological space X, and 
consider the constant sheaf over X corresponding to the sheaf (1.20); viz., 
the sheaf 
GL(n, A),- Xx GL(n, A), (2.1) 
where now the group GL(n, A) carries the discrete topology. On the other 
hand, by supposing that GL(n, A) is equipped with the canonical topology 
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it inherits from A”’ (see, e.g., (1.19)) it is equivalent to consider, 
concerning (2.1), the sheaf of germs of focally constant GL(n, A)-valued 
maps on X. (See also, for instance, [ll, p. 108, example following 
Theorem 2.31.) Anyhow, for simplicity ofnotation, and by also applying a 
common practice (see, however, [42, p. 196, Section 5.32]), we shall use 
the notation 
GL(n, An) (2.2) 
to denote the constant sheaf (2.1), while it will be clear from the context 
whether one really refers imply to the group GL(n, A). 
So one now gets the relation 
GL(n, A)X~ GL(n, A) si ??T(n, &‘), (2.3) 
within a (canonical) sheaf isomorphism (into), denoted by i, where the sheaf 
d is given by (1.1) (see also (1.21)). Therefore, by passing to the respective 
first cohomology sets, one obtains a canonical map 
i*: H’(X, GL(n, A)) -+ H’(X, K!?(n, &‘)). (2.4) 
Accordingly, by extending the classical terminology (see, for instance, [ 15, 
p. 96ff]), we are led to the following. 
DEFINITION 2.1. Consider the notation of (2.4). Then, every element of 
the set (source of the map i*) 
H’(X, GL(n, A),) = H’(X, GL(n, A)) (2.5) 
(cf. (2.1)) is called a flat A-oector bundle of rank n over X. Moreover, 
elements of Im(i*) are said to possess aflat representutioe. 
Thus, for any A-vector bundle 5 E H’(X, 9P’(n, @‘)) (cf. Theorem 1.1, as 
well as the comments following the end of its proof), the set (if non-empty!) 
(i*)-‘(r)‘H’(X, GL(n, A)) (2.6) 
is called the set offlat representatives ofthe given A-vector bundle c. 
Now, as a consequence of (2.1) and the comments following it, one con- 
cludes: Every A-vector bundle 5 him (cf. (2.4)) has a representative 
1-cocycle, say (4aP), consisting of locally constant GL(n, A)-valued maps 
relative to an open (“trivializing”) covering @ = (U,),, of X; i.e., one has 
(dar8) E Z’(@!, GLh A)) (2.7) 
(see also (1.26) and (2.3)). Of course, this is certainly true for an arbitrary 
element of the set (2.5), by the very definitions. 
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Remark 2.1. In connection with Definition 2.1 above and the previous 
comments, we further note that in case X is a (finite dimensional) %? r- 
manifold, then a (continuous)flat A-vector bundle over X can be taken to be 
smooth (i.e., gK): This follows from the fact that any’ such bundle has, in 
view of the previous discussion, a I-cocycle consisting of locally constant 
GL(n, A)-valued maps (cf. (2.7)) hence a smooth (i.e., gx) I-cocycle. 
(In this respect, see also, e.g., for the classical case [35, p. 122, 
Proposition 5.61). Thus, one considers here the (canonical) topological 
injection (cf. [25, p. 4581) 
GL(n, A) c M,(A) z .A”’ (2.8) 
while we also suppose that A is, at least, a a-complete (or else sequentially 
complete) locally m-convex algebra with an identity element; therefore, 
one can now apply a relevant well-known device of Grothendieck. (Cf., 
for instance, [37, p. 97, Proposition 1, p. 146, Lemme II, and p. 147, 
Remarque lo; 27, p. 523, the comments on (9.17)].) 
The previous context has a special bearing on some recent considerations 
in [36], where flat A-vector bundles over a smooth manifold X were 
employed with A being a C*-algebra. In this respect, see also Section 3
below. 
Now, suppose that X is, in particular, a path-connected space, while A is 
still a locally m-convex algebra with an identity element. Thus, by following 
the standard argument (see, for instance, [ 15, p. 123ff]), one gets for every 
flat A-vector bundle 5 E H’(X, GL(n, A)) a morphism of groups 
[: n,(X) -+ GL(n, A), (2.9) 
where rci (X) denotes the fundamental (or Poincare) group of X. By exten- 
sion of the classical terminology, we call (2.9) the characteristic represen- 
tation of& Indeed, (2.9) yields first, by its definition, a representation of the 
Poincare group of X, ni(X), in the free (locally convex) A-module A” (see 
also [28, p. 253, Lemma], or the Appendix in the sequel); so A” becomes a 
z,(X)-module. Second, the same morphism (2.9) characterizes (the class of) 
4, module an inner automorphism of the group GL(n, A) (cf., for instance, 
[IS, p. 1231). 
More precisely, one gets, within the present context, the following analog 
of a standard result pertaining to the previous correspondence. In this 
regard, see also [ 15, p. 124 or 14, p. 186, Lemma 27; 41, p. 162, Theorem; 
39, p. 66, Theorem 13.91. Thus, we have 
THEOREM 2.1. Let A be a locally m-convex algebra with an identity 
element and X a path-connected space. Then, one has 
H’(X, GL(n, A)) = Hom(rr,(X), GL(n, A))GL(n,A), (2.10) 
CONTINUOUSVECTOR BUNDLES 413 
within a bijection. The second member of (2.10) denotes the set of equivalence 
classes of representations ofx1(X) in A”, module inner automorphisms of the 
group GL(n, A). 
Proof The assertion is indeed an immediate consequence of the 
relevant classical result, which is valid for any group G (cf., for instance, 
[14, p. 186, Lemma 271). The necessary adaptation to the present context 
is, otherwise, quite straightforward in view of the preceding discussion, so
we may omit further technical details. u
Now, consider in particular  simply connected space X, i.e., a path-con- 
nected space X with xl(X) = 0 (cf., e.g., [12, p. 121). As we shall presently 
show, this case offers extra information concerning the behaviour of flat 
A-vector bundles over contractible spaces parallelling theclassical case (see 
also Remark 2.2 below). Thus, we first have the following. 
COROLLARY 2.1. Let A be a locally m-convex algebra with an identity 
element and X a simply connected space. Then, every flat A-vector bundle (of 
rank n) over X (cf. Definition 2.1) is trivial. 
Proof The assertion follows traightforwardly from (2.10) in view of 
the hypothesis that rc,(X) = 0 (see also the comments before (1.29)). g
On the other hand, every contractible space is simply connected (see [ 12, 
p. 12, Proposition 3.21) so that one concludes the following. 
PROPOSITION 2.1. Let A be a locally m-convex algebra with an identity 
element. Then, every flat A-vector bundle over a contractible space is trivial. 
Remark 2.2. The reason for Proposition 2.1 lies in the fact that it 
provides new information concerning the behaviour of A-vector bundles, 
for the particular case considered, in comparison with the classical 
situation. Namely, due again to formula (1.31), not every A-vector bundle 
over a contractible space is trivial, in contrast o what always happens in 
the classical case, i.e., for A = C (see, for instance, [35, p. 75, 
Proposition 3.51). So by the same formula, one would then have, for the 
case under consideration, the relation 
&(X)=&(pt.)=K(A)=K(%R(A)), (2.11) 
within isomorphisms of the (abelian) groups involved (see also [25, p. 500, 
(7.47)]). In this respect, the algebra A may even be a commutative 
Waelbroeck algebra (e.g., a commutative unital Banach algebra; cf. [29]). 
Accordingly, the departure from one’s expectation, atleast, to the extent 
that one has 
K(YJI(A)) #Z. (2.12) 
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Thus, our “geometry” depends, so to speak, on the “domain of coefficients” 
or else the “target” of the (transition!) maps involved, i.e., the algebra A 
(see also [25, p. 481, Theorem 4.21, as well as Theorem 1.1). 
So Proposition 2.1 reveals the appropriate hehaviour of flat A-vector 
bundles over contractible spaces, resembling that one which subsists for any 
classical (not necessarily flat) complex vector bundle over such spaces (cf., 
e.g., [35] as above). 
3 
Our aim in this section is to elaborate further on (2.10) in what namely 
concerns its relation with the previously defined set (1.24). Thus, after the 
necessary preliminary material, we refer to a number of particular examples 
of flat A-vector bundles that appeared in the recent literature 
[33, 34, 27, 361, in connection with the so-called “formulas of Hirzebruch 
type.” 
Thus, suppose in particular that X is a path-connected, locally path-con- 
nected, and semi-locally simply-connected (Hausdorff) space (take, e.g., any 
connected (topological) manifold). Hence, there exists a universal covering 
space x of 1, uniquely defined up to an isomorphism (of covering spaces. 
See, for instance, [19, p. 1521). On the other hand, % is a pricipal n,(X)- 
bundle (see, e.g., [7, p. 218, (16.29.2)]), theso-called universal covering bun- 
dle, say [ E H’( A’, rcr (A’)), of X (cf. also [20, p. 8631). So by also supposing 
that X is paracompact (take a connected second countable (topological) 
manifold; see also [ 18, p. 48, the comments after Definition 9.2]), one gets 
a classifying map of c in the set [X, &c,(X)] (cf. (1.24)) say 
f:X+BTc,(X) (3.1) 
(see, e.g., [lS, p. 55, Theorem 12.2 or 23, p. 49, Theorem 3.43). Further- 
more, any group morphism 
Y:~,(W+G, (3.2) 
with G a given (topological) group, yields by functoriality a map (cf., e.g., 
[23, p. 46, Remark]) 
By: Bn,(X) + BG, (3.3) 
so that the map 
(By)of: X+ BG (3.4) 
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FIGURE 1 
is the classifying map of a principal G-bundle over X, say 
5 = (BY~f)*(%); (3.5) 
see also Fig. 1, where oG E (EC, pc, BG) denotes the universal principal 
G-bundle for G (Milnor construction; cf., e.g., [23, p. 42ff]). 
Now, a given principal G-bundle [E H’(X, G) is flat if, and only if, one 
has (cf. (3.2)) 
5 = Y,(C) = (&of)*(%) (3.6) 
(cf. [20, p. 863, comments following the proof of Theorem 2.4, and p. 864, 
Corollary 2.5; 40, p. 2041). In particular, by taking G = ni(X), one 
concludes that the pull-back from Bn,(X), via a classifying map like (3.1), is
a flat fiber bundle over X. 
Thus, the A-vector bundle considered, for instance, in[27, p. 50, (6.19)] 
is flat, where A = C*(z, IE) (a Waelbroeck C*-algebra; [27], cf. also 
Theorem 1.1). 
Now, let oG. E H’(BG, G) be the universal principal G-bundle of the 
(topological) group G as above, and let ME B(A) be a G-module (cf. the 
following Appendix). So let 
~=(EGxM)/G-EGxoM (3.7) 
be the associated A-vector bundle over BG (the classifying space of G [23]), 
where A is any locally m-convex algebra with an identity element. 
Moreover, taking X as in (3.1), consider any continuous map 
h:X-+BG. (3.8) 
Thus, suppose that the map (3.8) is of the form 
h= (By)of, (3.9) 
within a homotopy equivalence, where By is given by (3.3) and f by (3.1); 
accordingly, the pull-back under h of the “universal A-vector bundle” 
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5 = EG xc; M can be considered as a flat A-vector bundle over X (see also 
Theorem 1.1). 
The above is the type of flat A-vector bundles considered, for instance, in
[36] for the particular case A = C*(n), the (enveloping) C*-algebra of (the 
discrete group) 7c = X,(X) [36, p. 206, proof of Theorem 2.11, or p. 202, 
definition fthe “universal flat C*(x)-vector bundle”]. Here we specialize 
(3.7) for G = 71, as before, and M= A = C*(rc). In this respect, we further 
note that as an application of the technique developed in [25,27], one 
can put the results of [36] refering to A-vector bundles with A a given 
C*-algebra, into the framework of the theory of Waelbroeck C*-algebras 
(see, for instance, [27, p. 4881). 
Scholium 3.1. Concerning the employment in the preceding discussion 
of Waelbroeck C*-algebras (i.e., complete locally m-convex QC*-algebras 
with an identity element [27]), one should remark that any such algebra is, 
in effect (i.e., within a topological gebra isomorphism) a (normed!) C*- 
algebra (cf. [9, Theorem 4.31; indeed, something seemingly less is actually 
enough for the same conclusion (Cf. [8, Corollary 2.21). 
However, apart for the interest perse that might have the consideration 
of topological algebras whose topology can be defined by a “P-algebra 
norm” (see, for instance, the systematic use in [4, Chap. III] of Banachable 
(Lie) algebras instead of Banach ones), one can really get profit from it in 
questions related with representations of topological algebras in what, for 
instance, concerns the theory of “higher signatures.” (See, e.g., [27, p. 504, 
Corollary 6.2; 361.) 
On the other hand, still within the same vein of ideas, even a Waelbroeck 
*-algebra (i.e., a complete locally m-convex *-algebra with an identity 
element having its group of invertible elements open, thus a Q-algebra too 
[29]) eventually provides the appropriate framework (cf. [27, p. 502, 
Corollary 6.1; 34, p. 220, Corollary 2.2; or 33, p. 770, Theorem 41. Now, an 
algebra of the above type is, for instance, the full matrix algebra 
M,(%Tm(X)) nE N; here X stands for any compact $P-manifold. (See [29, 
Chap. IV] as well as [27, p. 460, (1.15), and p. 464, Theorem 2.1 I.) 
4. APPENDIX 
Our purpose in this Appendix is to offer an amended picture of that 
presented in [28, p. 253, Appendix] and to indicate (however, in a sketchy 
manner) some of its consequences. Thus, we first have the following. 
DEFINITION 4.1. Let A be a locally m-convex algebra with an identity 
element and P(A) the category of finitely generated and projective (left) 
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A-modules. Moreover, let G be a given (topological) group. Then, an 
object M of P(A) is called a G-module whenever there exists a group action 
GxM-+M (4.1) 
compatible with the A-module structure of M (see also the ensuing com- 
ments). 
Thus, concerning the previous map (4.1), it is equivalent o say that we 
have a group morphism 
p: G -+ Aut,(M), 
where the target of p is the group of A-automorphisms of M. 
(4.2) 
On the other hand, the given A-module M, as above, is (canonically) 
endowed with a locally convex (vector space) topology making it into a 
local& convex A-module (cf. [25, p. 457, Lemma 1.23). We call it the 
canonical topoZogy of M [25, p. 457, Definition 1.11. Furthermore, this is 
the only Hausdorff barrelled locally convex topology on M making it into a 
1ocall.y convex A-module in case A is, moreover, a Frechet algebra (see [28, 
p. 246, Lemma 1.11). We find thus for the objects of P(A), when in the 
particular case considered concerning the algebra A, the topological analog 
of finite dimensional (complex) vector spaces. 
This being so, we still get 
Aut,(M)G P’&(A”, A”),% An2, (4.3) 
for some n E N, where “s” denotes the topology of simple convergence in A” 
or, equivalently, the Cartesian product topology on A” (cf. also [25, p. 457, 
Corollary 1.11). Thus, the first member of (4.3) is made into a topological 
group (in the relative topology from A”‘z M,,(A); [25, p. 458, (1.19)]. See 
also [28, p. 248, Lemma 1.21). 
Now, by supplementing the situation described by the previous 
Definition 4.1, we still have the following notion which is also what we are 
actually going to apply next. So one has. 
DEFINITION 4.2. Let A be a locally m-convex algebra with an identity 
element, M an object of the category q(A) endowed with its canonical 
topology, and G a given topological group. Then, M is called a topological 
G-module, whenever it is a G-module (Definition 4.1) in such a way that the 
map (4.1) is a topological (i.e., continuous) action of G on M. (See also [25, 
p. 455, Lemma 1.1.) 
In particular, ifthe group G has the discrete topology and A is also 
Frechet, then one automatically concludes the continuity of (4.1). In other 
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words, !f A, G are us hefbrr, then every G-module ME Y( A) is, in ejfect, u
topological G-module; thus, we have here a complete analogy with the 
situation one has in the classical case of finite-dimensional representations 
of discrete groups (finite ornot); see also the discussion after Definition 4.1, 
as well as [2, p. 130, Proposition 11 in conjunction with [28, p. 246, 
Lemma 1.11. 
Thus, we are now in a position to state 
LEMMA 4.1. Let A he u locally m-convex algebra with an identity 
element and M an object of the category ?(A). Moreover, let 
4 = (E, rc, A’, G) be a principal G-bundle [35, p. 991 over a topological space 
X, in such a way that M is a topological G-module (Definition 4.2). Then, 
there is defined an A-vector bundle over X [2.5], which we denote by ta [M] 
and call the “associated A-vector bundle” to the given principal G-bundle 5 
and the topological G-module ME Y(A ). 
Sketch of the Proof: By following a standard pattern one defines an 
A-vector bundle over A’, the base space of the given principal G-bundle t, 
by taking as bundle space the orbit space 
(ExM)/G-ExoM, (4.4) 
so that the respective fiber is (homeomorphic to) M. See also [25, p. 464, 
Lemma 2.21. Therefore, one gets 
5,CMl= ((Ex WIG p,w, X W, (4.5) 
where p,,,, denotes the natural projection of the space (4.4) onto X. This is, 
of course, a well-defined and continuous map, as follows from the very 
definitions of5 and the orbit space (4.4). (Concerning the classical case, 
see, e.g., [40, p. 165, Section 11.211.) u 
Now, the preceding discussion naturally leads to considerations connec- 
ted with the Grothendieck ring of representations of type (4.2) for a given 
group G (or else representation ring of G relative to the given algebra A) 
and its “geometric interpretation” viaA-vector bundles. We denote the 
latter ing by R,(G). 
Thus, according to the previous Lemma 4.1, and for any given represen- 
tation of the group G (with the discrete topology) of type (4.2), one defines 
an A-vector bundle, associated, e.g., to the given representation f G 
and the universal principal G-bundle of G over the classifying space 
BG = K(G, 1) of G; hence, one has G = z,(BG), the fundamental group of 
BG (see also [ 20, p. 862, Lemma 2.11). In this respect, cf. also, for instance, 
Cl; or 18, p. 166, Remark 5.41. Of course, by what has been said in 
Section 3 above, the fiber bundles resulted from the previous data are, in 
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fact, ,f2ut A-vector bundles (cf. Theorem 2.1 and [20, p. 864, Corollary 2.5 
and Definition 2.61). 
Therefore, according to a classical rgument (see, e.g., [1, 18]), one thus 
obtains the ring morphism 
CI: R,(G) -+ K,(BG). (4.6) 
Here the range of CI is the Grothendieck ring (under tensor product) of 
A-vector bundles over the classifying space BG of G (the latter is now 
topologized not necessarily with the discrete topology; see also [25] for the 
latter notation). Moreover, one still has, by definition, the relation 
K,( BG) := lim K,( BG”) (4.7) 
(see also [ 1, p. 36, Section 43). However, we hope to discuss this material 
in a more elaborated form somewhere else. 
5. SUPPLEMENTARY REMARKS 
The purpose of the following discussion is to indicate (however, in brief) 
a possible xtension of the theory of A-vector bundles [25-28). Namely, one 
can assume, quite generally, as “domain of coefftcients” of the vector 
bundles under consideration any topological algebra A with continuous 
multiplication [29] and not necessarily possessing an identity element. So 
this is the case, for instance, for the definition fan A-vector bundle (here 
even separate continuity of the multiplication i A [29] would suffice) over 
a given topological space X and the respective category gA(X), together 
with their basic properties (cf. [ZS, Sections 2-3, in particular, see p. 463, 
proof of Lemma 2.1, concerning the continuity of the multiplication in A]). 
Here A will have an identity element in case one considers, e.g., the group 
GL(n, A) (ibid.). In this respect, if P(A) denotes, as before, the category of 
finitely generated projective (left) A-modules, with A any topological 
algebra (with separately continuous multiplication) [29], one still proves 
the following crucial fact: Zf E, F are objects of 9(A), then any A-linear 
map u: E -+ F is continuous. In this regard, E and F are equipped with their 
“canonical topologies” which are still uniquely defined, independently of the 
way one considers an object E in P(A) as finitely generated; this topology 
is indeed the relative one on E from some A”, where the latter is endowed 
with the respective Cartesian product topology (see also [25, Section 11). 
Of course, working within the preceding context, one has to consider a
Q-algebra (topological, by definition [29]), exactly when this is 
appropriate as in [25]. It seems here that this property of a topological 
algebra is intimately connected with the “geometry” of the algebra to the 
extent that this is reflected, for instance, by the theory of &FA(X). 
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Thus, one gets within the previous framework a further extension of the 
classical Serre-Swan theorem (cf. [25, p. 481, Theorem 4.21). That is, for 
any Q-algebra A with an identity element. Moreover, one can consider 
instead of a compact (Hausdorff) space X any topological space (“with an 
appropriate definition ffinite type” [SO]); so we can consider an A-vector 
bundle of finite type over a topological space X, in the sense that X admits 
a finite partition of unity in such a way that the restriction of the bundle to 
the “core” of the support of each one of the functions of the partition is a 
trivial A-bundle. (By the last erm we mean the set of points where a given 
function does not vanish.) 
Thus, by extension of the respective result in [25, SO], one gets the 
following equivalence of categories: 
&r,(X) - 9yqx, A)). (5.1) 
Here A stands for any Q-algebra with an identity element [29], while the 
first member of (5.1) denotes the category of A-vector bundles of finite type 
over X, as defined above. 
Now, another point which is worth mentioning here is that one con- 
nected with the formula (1.31) above. Thus, Theorem 5.1 in [25, p. 4851, 
which actually ields this formula, finally depends on an extension of the 
‘tfunctional calculus” (the so-called “Silov-Arens-Calderdn- Waelbroeck 
theory”) to the framework of locally m-convex (topological) algebras; see, 
for instance, [29 and/or 431 (cf. also [25, p. 485, (5.6); as well as 45, p. 6, 
Lemma l]).Within this vein of ideas the recent account in [46] might also 
be considered as a further justification of the above type of extension of the 
functional calculus. Inthis respect, we might say as well, roughly speaking, 
that the pertinent ype of topological algebras which should be applied 
here is that of a topological algebra for which an appropriate type of Arens- 
Calderbn lemma is valid (cf., e.g., [29, p. 299, Theorem 8.2; 46, p. 505, 
Section 2; and 29, p. 258, Lemma 1.33. 
Finally, concerning the previous problem in employing more general 
(topological) C*-algebras, one is automatically led to consider at least 
locally m-convex P-algebras [29]. Indeed, according to Z. Sebestyen 
c491, every C*-seminorm is automatically submultiplicative. See also 
Scholium 3.1 above. 
Thus, the appropriate terminology for a complete QC*-algebra is: Such 
an algebra is a topological *-algebra (with an identity element) which is a 
Q-algebra as well [29], whose topology can be defined by a family of (con- 
tinuous) C*-seminorms with respect o which it is also complete. Now, it is 
a consequence of relevant results of G. Lassner and M. Fragoulopoulou 
that such a topological algebra is, in effect (i.e., within a topological gebra 
isomorphism), a (normed) C*-algebra (cf., for instance, [9]). 
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Furthermore, we still remark that the content of Section 6 in [27] can be 
formulated in terms of complete locally m-convex P-algebras (not 
necessarily Q-algebras) with an identity element; in this concern, C*(rc, IE) 
(ibid.., p  499) will, by definition, be the enveloping (complete locally m- 
convex C*-) algebra of the generalized group (locally m-convex *-) algebra 
L’(G, E), where E is a complete locally m-convex *-algebra with an identity 
element (or yet a bounded approximate identity; [ibid., p.4981). 
Now, as an application of the previous discussion, one can get most of 
the results of this paper within the above more general context concerning 
the algebra A. In particular, this is true for Theorems 1.1 and 2.1, Section 3 
concerning flat A-vector bundles, and also for Lemma 4.1. The rest of the 
results of the paper are appropriately formulated, according to the 
preceding, as the case may be. 
The above extended framework of the paper has thus a special bearing 
on some recent considerations concerning (flat) A-vector bundles, with A a 
locally convex (topological) algebra with continuous multiplication [29]; 
such bundles have been employed, for instance, in[48, 443 (see also [6, p. 
125, Section 51). In this respect, our initial study in [25] has been indepen- 
dently done, its main motivation being the work in [47]. On the other 
hand, it was the work in [48,44] which actually led to the present recon- 
sideration f the framework in [25] and its consequences, and thus to the 
above complementary remarks of this paper. 
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